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Abstract 

In the classical (non-quantum) relativity theory the course of the moving 
clock is dilated as compared to the course of the clock at rest (the Einstein 
dilation). Any unstable system may be regarded as a clock. The time evolution 
(e.g., the decay) of a uniformly moving physical system is considered using the 
relativistic quantum theory. The example of a moving system is given whose 
evolution turns out to be speeded-up instead of being dilated. A discussion of 
this paradoxical result is presented. 



1 INTRODUCTION 



The classical (nonquantum) relativistic theory states that the course of the 
moving clock is dilated as compared to the course of the clock at rest (the 
Einstein dilation (ED)), e.g., see [TJ. Any nonstationary physical system (e.g., 
an excited hydrogen atom) may be regarded as a clock pQ. Here the time evo- 
lution of a moving physical system is considered using the relativistic quantum 
theory. 

The decay of the moving unstable particle was examined in the papers 
[21 El HI IS] ■ The moving system was described by a state with a sharp nonzero 
momentum. Its evolution was found to be consistent with ED up to high preci- 
sion. In [6] I pointed out an example of the nonstationary state whose evolution 
is speeded-up instead of being dilated. This curious result is the exact con- 
sequence of the relativistic quantum theory. By definition this theory must 
contain operators H and P of total energy and momentum ( the Lee group 
generators of time and space translations), total angular momenta, and gen- 
erators of the Lorentz boosts N. These generators must satisfy commutation 
relations of the Poincare group. Usual Dirac's "instant form" of the theory is 
implied in which time evolution is described by the operator exp(— iHt). Note 
that in this form interaction terms are contained in N along with H 

H = H + H int , N = N + N int . (1) 

Indeed, the commutation relation [N i: Pj] = iSijH of the Poincare group means 
that if P does not contain interaction terms, then N must contain them along 
with H. 

A simple example of a theory like that may be the Lee model of the decay 
of an unstable particle a into stable particles b and c: a — > b + c. The inter- 
action terms are of the threelinear kind : ab^c^ + h.c. (momentum indices of 
destruction-creation operators are omitted). 
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The moving unstable particle state is described in [3]- [5] by the vector a^Qo, 
o) p being the creation operator of the particle a with momentum p. When 
p = the vector agf2 describes the state "one unstable particle at rest, no 
decay products" . 

In [6], the moving particle was described by the vector = L v a\yt G) L v 
being the Lorentz transformation (see Eq. ([6]) below) from the frame where 
the particle velocity is zero to the frame where the particle velocity is equal to 
v. The state differs from o)SLq. Indeed, L v contains interaction. Therefore, 
& v = L v o)qVLq has an admixture of decay particles (if v ^ 0) in analogy with 
the state exp(—iHt)alQ . So is not a pure "one-unstable-particle-state", it 
contains decay products. 

The system state along with a^Q is nonstationary and the system may 
be considered quantum clock. 

The evolution of the state <&„ was compared in [5| with the evolution of 
the system at rest. It turns out that the former is speeded- up as compared 
to the latter, not dilated. G. Hegerfeldt in [7J pointed out a simple way of 
the derivation of this curious fact. I suppose that the detailed presentation of 
this way is justified. It is set forth in Sect. [2] and Appendix. I use a modified 
initial state as compared to [6 J and [7J, and characterize its evolution by 
a different amplitude. These modifications allow us to meet the Hegerfeldt 
critical remarks, see [7j, p. 208. The result is discussed in Conclusion. 

2 Moving system with speeded-up evolution 

Consider the scalar product 

V(v, t) = (L v <p , exp(-iHt)L v $ ). (2) 

Here (po is a non-normalizable eigenvector of the total system momentum hav- 
ing zero eigenvalue: Ptpo = 0. The vector $o describes a normalized packet 
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having zero average momentum 

($ ,$ ) = 1, ($ ,P$ ) = 0. 

In [6] and [7] the akin scalar product 

(L v (p ,exp(-iHt)L v (p ) (3) 

was considered. Being a survival amplitude it has the following deficiency: it is 
a scalar product of two non-normalized vectors and has no physical meaning. 
In particular, at t — Eq. (J2J) turns into (<po, tpo) = oo, which is inadmissible 
for the amplitude of probability (the latter cannot exceed the unit). Meanwhile 
V(v,t) is the scalar product of non-normalizable and normalizable vectors. It 
is not a survival amplitude: L v ip Q differs from the initial state L v <&q. However, 
V(v, t) may be endowed the meaning of a probability amplitude of finding 
(detecting) the state L v <po in the state exp(— iHt)L v Q , see [Sj, v. I, ch. V, 
sect. 10. 

Note that the amplitude ([3]) makes sense if the momentum would have a 
discrete spectrum so that (ipo, y?o) = 1- This would be the case if the system is 
implied to be in a large but finite space volume and usual periodicity conditions 
are imposed (or the volume opposite boundaries are identified). However, a 
discrete momentum spectrum is not consistent with the Lorentz transformation 
law which will be essentially used below, see Eqs. (jSJ) and ffTTT) . 

Using the formula L~ l f(H)L = f(L~ l HL) (where / is an exponential) one 
can represent (T5]) as 

V(v,t) = (<po,Llex.p(-iHt)L v <$> ) = (<p ,exp(-itLlHL v )$ ). (4) 

Here L\HL V is the Lorentzian-transformed Hamiltonian. If H and P were 
c-numbers, then the transformed energy would have the known expression in 
terms of initial energy and momentum: 

H' = H^-Pv^y, 7 = (1 - v 2 y 1/2 . 
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Intuitively one may expect that a similar equation holds for operators H, P: 

L\HL V = #7 - ?&y. (5) 
This conjuncture may be confirmed by an algebraic calculation with 

L v = expif3N, tanh 0\ = \v\, f3\\v (6) 

(see [9]). This calculation is carried out in Appendix. 

In what follows let us assume v = (0, 0,v), [3 = (0,0, (3) and that N, P 
denote, respectively, N 3 , P 3 . Now we may continue Eq. (@J: 

V(v,t) = (<^ ,exp -itiHi-Pvi) $ ) 

= (ip ,exp(itPvj) exp(-itHj)$ ) (7) 

Here the equation exp(v4 + B) = exp B exp A has been used which is valid for 
commuting operators A = —itHj and B = itPvy. As ipo is the P eigenvector 
corresponding to zero eigenvalue, we have exp {—itPv 7)^0 = y?o- So we obtain 

V>, t) = (L v <p , exp{-itH)<5> v ) = ((p , exp{-itH^)<5> ). (8) 

Compare the result with the amplitude V(v,t) at v = (when L„ = 1). One 
obtains 

V(v,t) = V(0,t 1 ). (9) 

This equation is an exact expression of V(v,t) in terms of V(0, £). I do not 
intend and need to calculate V(0,t) (for this calculation see [2]). As 7 = 
(1 — f 2 ) -1 / 2 > 1, relation ([§]) shows that a moving system evolves faster than 
the system at rest: the amplitude V(v,t) at the moment t assumes the value 
that V(0,t) assumes at a later moment jt. 

For the corresponding probabilities one obtains from Eq. ([§]) the equation 

\V(v,t)\ 2 = \V(0,t 7 )\ 2 . (10) 



It is of interest to consider such properties of the state L v (p as its momen- 
tum and energy. 

One may show that L v (p is not an eigenvector of the total momentum P. 
For this purpose the equation 

e -iPNp e i P N = 1 p_ lv ff } tanh/ 3 = y (11) 

may be used. It is the Lorentz transformation of the momentum operator, 
cf. ©. 

Using Eq. (ITTj) one may calculate average momentum (P) v of the state 
L v <p . One obtains 

(P) v = (L v ip , PL v Lp ) = 717(^0, H(p ). (12) 

Here (ip , H(fo) is the average energy of the state (p . Note that ip is not H 
eigenvector: (p Q describes an unstable particle and is a nonstationary state. 
Using Eq. §5§ one may calculate the average energy (E) v of the state L v <po 

(E) v = (L v Lp , HL v ip ) = 7(^0, Htpo). (13) 

It follows from Eqs. f[T2"j) and f[T3"j) that (P) v and (E) v satisfy the relativistic 
relation (P) v = v(E) v . 

3 Time evolution of a moving unstable parti- 
cle with exact momentum 

In [3], [1], [5], the state of a moving unstable particle was described by the 
eigenvector ip p of the momentum P: Pip p = pip p (if ip p describes one unstable 
particle, then the total momentum coincides with particle momentum). I 
assume that the momentum spectrum is discrete (see sect. [2]) and consider the 
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survival amplitudes 

A p {t) = (tfj p ,exp{-itH)tfj p ), (14) 
iV*) = <Vo,exp(-i*#M>). ( 15 ) 

Now the amplitude A p (t) is not connected with Ao(t) by such a simple relation 
as V(v,t) and V^(0, t) do. To compare A p (t) with A (t), one has to calculate 
them separately. Let us write out from [5] approximates expressions for A p (t) 
and A (t) which are valid for time not too short and not too long (when the 
decay laws are exponential) 

A (t) = exp(-imt - Tt/2), (16) 
Ap(t) = exp(-zm*7 m - n/27 m ), 7m = Vp 2 + m 2 /m. (17) 

Here m is the average (or most probable) mass (i/jq, Hip ) of the unstable 
particle. It follows from Eqs. (|T6l) and (ITTj) that 

|A p (t)| 2 =|A (t/ 7m )| 2 . (18) 

Note that 7 m coincides with (1 — -u 2 ) -1 / 2 at v — Pj\JP 2 + m 2 . Equation ( 1T81) 
means that the Einstein dilation holds. This must be juxtaposed to the 
speeding-up expressed by Eq. f fTUl) . 

4 CONCLUSION 

When deriving the Einstein dilation (ED) in the classical (nonquantum) rela- 
tivity theory, one uses the notion of a clock which may simultaneously have the 
exact (e.g., zero) velocity and be in a definite position (e.g., in the coordinate 
origin). This is impossible for a quantum clock. 

Any nonstationary (unstable) quantum system may be regarded as a quan- 
tum clock. The time evolution of the moving system is here considered by 



6 



using the relativistic quantum theory, see Introduction. The Lorentzian trans- 
formation of coordinates and time is not used. Instead, the transformation of 
momenta and energy is exploited, see Eqs. (fTTj) and 

It was earlier shown in [3]- [3] that ED holds approximately when the moving 
quantum system has definite momentum, see Eq. (JT8J). Here I present another 
description of the moving system. Its time evolution turns out to be speeded- 
up instead of being dilated. 

So the system evolution depends upon a choice of the initial state of the 
system. 

The obtained relation, Eq. 0, between the laws of evolution of the moving 
system and the system at rest is the exact corollary of the used quantum 
postulates and of the assumed description of the moving system. Equation ([9]) 
does not depend on a concrete interaction guiding the evolution. 

Quantum postulates do not forbid the existence of the state $> v which gives 
speeding-up. However, experiments agree with ED. The used quantum theory 
may explain this fact assuming that the state of the measured unstable system 
is of the kind ip p , see sect. El 

It is more natural to suppose that the initial state prepared in a real ex- 
periment is not the state "unstable particle, no decay products" but rather 
the state "unstable particle together with decay products (the background)". 
The latter may be assumed to be a superposition of states ip p and $„. When 
the 7-factor is sufficiently large, the short-lived component Q v dies out as time 
grows. Only the long-lived component ip p survives. In other words, experi- 
ments tend to detect the long-lived component. So the measured life-time of 
such a moving system may depend on a measuring device. 
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APPENDIX 



The derivation of the main result ( TTOl) is based on the equation 

exp(0N)H exp(-ij3N) = if 7 - P#y. (A.l) 

The equation will be proved by using the method of "parameter differentia- 
tion", e.g., see (TD], sect. 6, p. 969. 

Suppose that the vector v = (v%, v 2 , v 3 ) is directed along the z-axis so that 
v\ = V2 = 0. Note that f3 is parallel to v. Then exp(i/3N) = exp(i/3 3 N 3 ). In 
what follows v, j3, N, P denote, respectively, v 3 , j3 3 , N 3 , P 3 . Three operators 
N, if, P form the subalgebra of the Poincare generators: 

[N, H] = iP, [N, P] = iH, [ff, P] = 0. (A. 2) 

Any element of this subalgebra may be expanded over N, if, P. So does, in 
particular, the element Hp = exp(i(3N)H exp(— i(3N): 

H p = h{(3)H + p(0)P + n(/3)N. (A.3) 

Here h(/3), p(/3), and n{(3) are c-number functions of (3. Using the well-known 
expansion 

e A Be~ A = B+[A,B] + [A, B}} + ... 
one may verify that n(f3) in Eq. (1A.3I) is zero. We have 

dHp/dfi = Hdh((3)/d(3 + Pdp((3)/d(3. (A.4) 

On the other hand, 

dHp/dfi = d {e if5N He~ i(5N ) /d(3 = iNe i(3N He~ ipN - ie il3N He~ i/3N N 

= i[N, Hp] = i[N, hH + pP] = -hP - pH (A.5) 

(the commutator relations ( 1A.2I) were used). Equating the r.h.s. of ( 1A.4I) and 
(1A.5j) we obtain 

Hdh(/3)/d/3 + Pdp(J3)/d/3 = -Ph(J3) - Hp(J3). (A.6) 
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Since H and P are independent operators, we must have 

dh(p)/dp + p = 0, dp(fi)/dp + h(J3) = 0. (A.7) 

This is the system of ordinary differential equations. Its solution may be found 
in the book [llj, ch. VIII, sect. 8.3: 

h(j3) = cosh (3, p(/3) = - sinh p. (A.8) 

So we get from Eqs. flA.3p and (IA.8I) 

e iPN He -ipN = H cogh p _ p ginh ^ ( A 9 ) 

As tanh P — v, we have 

cosh/3 = (1 -tanh 2 /3)- 1/2 = (1 - v 2 )' 1 ' 2 = 7, sinh/3 = w 7 . (A.10) 
So Eq. (1A.9I) may be rewritten as Eq. (JSJ). 
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